Abstract. Let A be a free R-algebra where R is a unital commutative ring. An ideal I in A is called a free ideal if it is a free R-submodule with the basis contained in the basis of A. The definitions of free ideal and basic ideal in the free R-algebra are equivalent. The free ideal notion plays an important role in the proof of some special properties of a basic ideal that can characterize the free R-algebra. For example, a free R-algebra A is basically semisimple if and only if it is a direct sum of minimal basic ideals in A. In this work, we study the properties of basically semisimple free R-algebras.
Introduction
An R-algebra is said to be a free R-algebra if it is both, a ring and a free R-module [2] . Any algebra over a field is always a free algebra. Throughout this paper, ring R is a unital commutative ring.
Let K be a field and X any basis of K-algebra A ′ . An arbitrary ideal I ′ in the K-algebra A ′ always satisfies the following condition : kx ∈ I ′ implies x ∈ I ′ , for every non-zero k ∈ K and x ∈ X. This is due to each non-zero element in K has an inverse. This condition is not always true for an ideal in a free Ralgebra. As a counter example, consider M = {(a, b) : a, b ∈ Z 6 } is a Z 6 -algebra. Take M ′ = {(m, n) : m, n ∈ 2Z 6 } the ideal in M, which does not satisfy the condition. It is because there exists a basis S = {(1, 0), (0, 1)} of M, in which 2(1, 0) = (2, 0) ∈ M ′ but (1, 0) / ∈ M ′ . However, the ideal M " = {(a, 0) : a ∈ Z 6 } in M satisfies the condition, i.e. if r(1, 0) = (r, 0) ∈ M ", then (1, 0) ∈ M " for every non-zero r ∈ Z 6 . We define this special ideal as follows. Let A be a free R-algebra. An ideal I in A is called a basic ideal, if for every non-zero r ∈ R and every x ∈ X, rx ∈ I then x ∈ I for any basis X ⊂ A. This term refers to the basic ideal in Leavitt path algebras over unital commutative ring on a graph (see [4] ).
We know that an ideal (or subalgebra) of R-algebra A is an ideal (or subring) of A and is an R-submodule [2] . Not all ideals in a free R-algebra have a basis, because not all R-submodules in a free R-module are free R-submodules. From the above example, M ′ does not have a basis, although it is generated by {(2, 0), (0, 2)}. However, the ideal M " is an ideal having a basis {(1, 0)} ⊂ S. Another simple example, let ring Z can be viewed as free algebra over itself and as a basis is {1}. The ideal 2Z = 2 is not a basic ideal in Z. Moreover, the ideal 2Z is a free Zsubmodule in Z with basis {2} {1}. This motivates us to define an ideal that has a certain basis. Generally, an ideal in a free R-algebra is called a free ideal, if it has a basis contained in a basis of the algebra. We will show that the property of an ideal to be free is necessary and sufficient for being a basic ideal Based on the basic ideal in Leavitt path algebras over a unital commutative ring studied by Tomforde [4] , the further notions are also defined such as minimal basic ideal, prime basic ideal, and semiprime basic ideal. Those notions characterize some properties of Leavitt path algebras, e.g. basically semisimple, basically prime and basically semiprime [5] . Analogously, we show that a minimal basic ideal in a free R-algebra will characterize basically semisimple free R-algebra.
In this paper, we refer to [7] for a semisimple ring ( or algebra). A semisimple ring (or algebra) is a ring (or algebra) which can be decomposed into a direct sum of its minimal ideals. In addition, an algebra is semisimple if and only if every ideal in the algebra is generated by a central idempotent element ([3] , [7] ).
Analogous to [5] , [6] and [7] , a free R-algebra A is basically semisimple if it is a direct sum of minimal basic ideals in A. The focus of this paper is to prove that a free R-algebra A is basically semisimple if only if it is a finite sum of minimal basic ideals in A and if only if every basic ideal in A is a direct summand of A and if only if every basic ideal in A is generated by a central idempotent element.
Free Ideals and Basic Ideals
In this section we discuss an ideal of the algebra over a unital commutative ring R that satisfies certain conditions. We recall first the definition of subalgebra and ideal in the algebra.
Definition 2.1. [2]
A subalgebra of an R-algebra A is a subset S of A that is both a subring of A and an R-submodule of A. A two-sided ideal of R-algebra A is a subset I of A that is both a two-sided ideal of A and an R-submodule of A. Furthermore, an ideal means a two-sided ideal.
As described in the introduction, not every ideal in a free R-algebra A has a basis because not every subalgebra has a basis too. In addition, an ideal in A may be a free R-submodule but its basis is not in the basis of A. This motivates us to define an ideal which has a certain basis by following the pattern of both Definition 2.1 and definition of free R-algebra [2] . Note that the algebra intended in this paper is always unital algebra. Furthermore, a unital free R-algebra is simply written as a free R-algebra. It is straightforward that a free R-algebra A generated by the basis X can be denoted as A = X , where
On the other hand, if A is a unital ring, then for any p ∈ A we can define an ideal generated by p, namely, (p) = { j a j pb j : a j , b j ∈ A}. Then (p) is an ideal and also an R-submodule in A. We should note that the term generated in the algebra A as R-module is different from that one in ring A. Consider the following example:
It seems obvious that:
is a free ideal. Therefore, 0 0 0 1 = 0 0 0 1 .
is an ideal in M 2 (Z 6 ) but not a free ideal.
Consider the above example, and suppose I = 0 0 0 1 ; J = 0 0 0 2 .
Then for any non-zero r ∈ Z 6 , y ∈ Y, ry ∈ I implies y ∈ I, where Y be any basis of M 2 (Z 6 ). However, there exist 4 ∈ Z 6 , 0 0 0 1 ∈ X, such that 4 0 0 0 1 = 0 0 0 4 ∈ J, but 0 0 0 1 / ∈ J. Compare these cases with any ideal I ′ in the Kalgebra A ′ with a basis X. The ideal I ′ always satisfies the following condition: if kx ∈ I ′ then x ∈ I ′ , for every non-zero k ∈ K, and every x ∈ X. This gives us an idea to define an ideal in a free R-algebra that satisfies the condition.
Definition 2.4. Let A be a free R-algebra. An ideal I in A is called a basic ideal if for every non-zero r ∈ R, and every x ∈ X, rx ∈ I then x ∈ I, for any basis X ⊂ A.
It is well known that for every k ∈ K \{0}, and for every x ∈ X, kx = 0, where X be any basis of the K-algebra. The following lemma shows that this property is satisfied in free R-algebras. It is very useful for discussing the properties of basic ideal in the free R-algebra.
Lemma 2.5. Let X be a basis of free R-algebra A. Then rx = 0, for every non-zero r ∈ R, x ∈ X.
Proof. It is clear from the definition of basis X that X is linearly independent, that it is, if rx = 0 then r = 0 for every x ∈ X.
According to Definition 2.4, any free R-algebra is a trivial basic ideal. In addition, {0} is always a basic ideal in any free R-algebra based on Lemma 2.5. The conclusion of this description is stated in the following corollary. Corollary 2.6. For any free R-algebra A, both ideal {0} and A are basic ideals.
Besides the above idea, Definition 2.4 also refers to the definition of basic ideal in Leavitt path algebras over a unital commutative ring. This basic ideal characterized the basically simple Leavitt path algebras [4] . Recall that a Leavitt path algebra over a unital commutative ring is basically simple if the only basic ideals are {0} and itself. Similarly, a free R-algebra A is basically simple if the only basic ideals are {0} and A.
Furthermore, we will investigate relations between basic ideals and free ideals in free R-algebras. For every element in any basis of the free algebra is a generator of a basic ideal as a submodule, if it is in the ideal. This property is stated in the following lemma.
Lemma 2.7. Let I be a basic ideal of the free R-algebra A. Let X be an arbitrary basis of A. Then (1) For every x ∈ X, x ∈ I if and only if x is a generator of I as an Rsubmodule. (2) For every non zero r i ∈ R and for every x i ∈ X, with i = 1, 2, ..., n, for
Proof. Take any basis X of A. Let x ∈ X such that x ∈ I. Suppose that x is not a generator of I as an R-submodule. Then there is a non zero c ∈ R such that cx / ∈ I. Since I is basic then x / ∈ I, which is a contradiction. Hence, x is a generator. It is easy to prove the converse. Furthermore, we use the first part of this lemma to prove the second part.
Lemma 2.7 leads us to prove that the free ideal is a necessary and sufficient condition of the basic ideal. This is an important result stated by the following theorem. Proof. It is clear that the trivial basic ideals are free. Let X be any basis of A. Form a subset H X = {h ∈ X|rh ∈ I, ∀r ∈ R\{0}} = X ∩ I. The first, we will show that I = {0}, if H X = ∅ for any basis X. It means that x / ∈ I for every x ∈ X. Suppose that I = {0}, then there is a non zero a = n i=1 r i x i ∈ I for some r i ∈ R, x i ∈ X. Hence, there exist r i ∈ R, x i ∈ X, such that n i=1 r i x i ∈ I and x i / ∈ I. Based on Lemma 2.7, I is not basic, a contradiction.
r j y j for some r j ∈ R, y j ∈ Y, but y j / ∈ I, for every basis Y. According to Lemma 2.7, I is not basic, a contradiction. Hence, I = H Y is a free ideal with a basis H Y ⊆ Y, for a basis Y of A. We can proof the converse using Definition 2.4, directly.
The description of Example 2.3 shows that an ideal generated by one element is not always a basic ideal in a free R-algebra. The following lemma states the sufficient condition of an ideal generated by one element that is a basic ideal. Lemma 2.9. Let A be a free R-algebra with a basis X. Then an ideal generated by any h ∈ X, ie.
Proof. Let h ∈ X. Then h ∈ (h) for h = 1 A h1 A . Let Y be any basis of A. Take any non zero r ∈ R, y ∈ Y such that ry ∈ (h). Then ry = i a i hb i , for some a i , b i ∈ A. Suppose that y is not a generator of (h) as an R-submodule of A. Then ry = i a i hb i = i y =yij r ij y ij for some r ij ∈ R, y ij ∈ Y. We have Y is not linearly independent, a contradiction. Since y is a generator of (h) as an R-submodule, then y ∈ (h). Hence, (h) is a basic ideal.
A free ideal in a free R-algebra will play a role in the classification of the basic ideal that will characterize the free R-algebra. One of the characterizations of free R-algebras is the basically semisimple algebra. The definition of minimal basic ideal is needed to characterize that algebra. This characterization is the focus of this paper and will be described in the next section.
Basically Semisimple Free Algebras over a Commutative Ring
Let A be a free R-algebra, then A may contain a zero divisor. Similarly, as A an R-module, the multiplication of non-zero elements in R with non-zero elements in A may be zero in A. In this notions, we will define annihilators of the ring A and the R-module A which are denoted slightly different. The annihilators and its properties are useful to discuss the theorem which is a main result of this research. (ii) The annihilator of S in R-module A denoted and defined as,
We can easily show that the left, right, and two-sided annihilator of S in A is a left, a right, and a (two-sided) ideal in A, respectively. Similarly, the annihilator of S in R-module A is an ideal of R [7] . However, the annihilators are not necessarily a basic ideal. Consider the following example:
The above cases inspire us to investigate the properties of annihilators in A. The following proposition would state a sufficient condition of annihilator of a subset in the free R-algebra as a basic ideal. Proof. We only prove that Ann l (I) is a basic left ideal, and the others can be shown similarly. Based on Proposition 2.8, I is a free ideal with a basis H ⊆ Y where Y is a basis of A. Let X be any basis of free R-algebra A. For every non-zero r ∈ R, x ∈ X such that rx ∈ Ann l (I), we have (rx)u = r(xu) = 0, for any u ∈ I. Since x ∈ X, r = 0, by Lemma 2.5, x = 0 and rx = 0. We will show that xu = 0, as follows: Suppose xu = 0, for some u ∈ I. We have xu ∈ I and xu = k i=1 r i h i = 0, where r i ∈ R, h i ∈ H. Then there is m, with 1 ≤ m ≤ k such that r m h m = 0 and rr m h m = 0 for some r ∈ R. We obtain the existence of u ∈ I such that rxu = k i=1 rr i h i = 0. It is a contradiction to (rx)u = 0, for every u ∈ I. Thus, xu = 0, so that x ∈ Ann l (I). In other words, Ann l (I) is a basic left ideal in A.
A minimal basic ideal in Leavitt path algebra that characterizes the basically semisimple algebra has been defined by ([5] , [6] ). This definition is based on the definition of the semisimple ring ( [3] , [7] ) and is motivated by the definition of basically simple Leavitt path algebras over a unital commutative ring [4] . Similarly, we can define a minimal basic ideal and a basically semisimple free R-algebra.
Definition 3.4. Let A be a free R-algebra and I a basic ideal in A. Then I is a minimal basic ideal if it does not contain non-zero basic ideal other than itself. A is basically semisimple if it is a direct sum of minimal basic ideals in A.
In the free Z 6 -algebras (see Example 2.3 and 3.2), both M 2 (Z 6 ) and M are basically semisimple. Since M 2 (Z 6 ) is basically simple, automatically it is basically semisimple. Although M is not basically simple, but M = M " ⊕ Ann({(1, 0)}), in which M " and Ann({(1,0)}) are minimal basic ideals in M. The free algebra M 2 (Z 6 ) and M can be represented by a graph. They are isomorphic to Leavitt path algebra on a graph with two vertices. A graph of M 2 (Z 6 ) has one edge and a graph of M has no edges [6] .
However, sometimes we could not easily show whether a free R-algebra is basically semisimple or not. Wisbauer [7] characterized a semisimple ring A with an identity by A is a finite sum of minimal ideals, or every ideal is a direct summand of A, and equivalently, A is generated by a central idempotent element. In fact, the theorem can be implied in basically semisimple free R-algebra by replacing basic ideals into ideals in the theorem. The following is a main result in this paper.
Theorem 3.5. Let A be a free R-algebra. The following properties are equivalent: (a) A is basically semisimple, (b) A is a finite sum of minimal basic ideals, (c) Every basic ideal is a direct summand of A, (d) Every basic ideal of A is generated by a central idempotent element.
Proof. Let A be a free R-algebra with a basis X. (a ⇒ b)A is basically semisimple, namely, A = ⊕ t∈Λ I t , where I t be the minimal basic ideal in A and Λ is an index set. Then A = t∈Λ I t , where
r i x i , with r i x i ∈ I ti for some r i ∈ R, x i ∈ X and t i ∈ Λ. Furthermore, for every monomial y ∈ A,
I ti that is a finite sum of minimal basic ideals.
We will prove that A is basically semisimple, as follows.
Note the remainder sum m i=2 J i , and by the same reason that J 2 has no effect on the representation of A or
The process is continued for the remainder of the next sum, and remove all the basic ideal that has no effect on the representation of A. We obtain representation of A as the sum of remaining minimal basic ideals. Because every remaining minimal basic ideal which intersects to the remainder of the sum is {0}, then the representation of A is the direct sum. Thus, A is basically semisimple. (c ⇒ d) For every basic ideal I ⊂ A, by hypothesis there is a basic ideal J ⊂ A such that A = I ⊕ J. We will show that I is generated by a central idempotent element. Since A has an identity 1 A , then 1 A = a + b with a ∈ I, b ∈ J. So we obtain: a = a1 A = a(a + b) = a 2 + ab or ab = a − a 2 . In addition, I and J are ideals and A = I ⊕ J then ab ∈ I ∩J = {0}. It means that ab = a− a 2 = 0 or a 2 = a. Thus a is idempotent. Furthermore, for every x ∈ I, then x = x1 A = x(a + b) = xa + xb or xb = x − xa ∈ I ∩ J = {0}, since xb ∈ I, xb ∈ J. Hence, x = xa or I is generated by a. In the other hand, for every monomial y ∈ A, y = ya + yb and y = ay + by then ya, ay ∈ I, yb, by ∈ J. Then it should be ay = ya or a is a central idempotent, because of A = I ⊕ J. Thus, I = (a) , in which a is a central idempotent.
(d ⇒ c) For every basic ideal I ⊂ A, I = (i) , whence i is a central idempotent. We will find a basic ideal J such that A = I ⊕ J, as follow : We have i ∈ I and i is a central idempotent. Then for any a ∈ A, a = ai + a − ai, in which ai ∈ I and a − ai ∈ Ann(i), so a ∈ I + Ann(i). In the other hand, for every p ∈ I ∩ Ann(i), p = yi for some y ∈ A and pi = 0. It implies that p = yi = yi 2 = (yi)i = pi = 0, then I ∩ Ann(i) = {0}. Hence, A = I ⊕ Ann(i). Furthermore, we will prove that Ann(i) is a basic ideal. Since i is central idempotent, then Ann(i) = {a ∈ A : ai = 0 = ia}. If i = 0, then it is clear that Ann(i) = A is a basic ideal for Corollary 2.6. If i = 0 then 1 A i1 A = i ∈ I and i / ∈ Ann(i). For every non-zero r ∈ R, x ∈ X, such that rx ∈ Ann(i) then we have rx = 0 from Lemma 2.5. Since rx ∈ Ann(i) and A = I ⊕ Ann(i) then rx / ∈ I. From Proposition 2.8, ideal I is free with the basis H = I ∩ X, so we have x / ∈ I. It should be x ∈ Ann(i). Hence, Ann(i) is a basic ideal. 
In this case, just take the basic ideal J = {0}. If not, it means that there is a minimal basic ideal J n1 , 1 ≤ n 1 ≤ m such that J n1 ∩ I = {0}. Further, look at another minimal basic ideal. If there exists here, select a minimal basic ideal J n2 , 1 ≤ n 2 ≤ m, n 2 = n 1 such that (J n1 ⊕ J n2 ) ∩ I = {0}. The process is continued such that we obtain no more basic ideal, in which the intersection of the basic ideal and ideal I equals to {0}. Finally, this results in the basic ideals J n1 , J n2 , ..., J ns , with s ≤ m, and 1 ≤ n 1 , n 2 , ..., n s ≤ m, such that (J n1 ⊕ J n2 ⊕ ... ⊕ J ns ) ∩ I = {0}. Furthermore, let ‫ג‬ = (J n1 ⊕ J n2 ⊕ ... ⊕ J ns ) ⊕ I, we will show ‫ג‬ = A and we sufficiently prove A ⊆ ‫,ג‬ as follows : It is clear that J n1 , J n2 , ...J ns ⊆ ‫.ג‬ Suppose there is a minimal basic ideal J k with k = n i , i = 1, 2, ..., s such that J k ‫ג∩‬ = {0}, then (J n1 ⊕J n2 ⊕...⊕J ns ⊕J k )∩I = {0}, which is a contradiction with the election of J n1 , J n2 , ..., J ns . Thus, it should be
(c ⇒ a) We will prove that A is basically semisimple, by hypothesis for every basic ideal I ⊂ A, there exists a basic ideal J such that A = I ⊕ J. At first, we will show that any basic ideal generated by a non-zero central idempotent p, namely, (p) contains a minimal basic ideal. Consider that
is the family of basic ideals in A that is contained in (p) and contains no p. According to Zorn's lemma, there is a maximal Q in ℑ. Based on the proof of (c ⇔ d), we obtain Q = (q) for a central idempotent q, and (p) = (q) ⊕ (p − pq) . We will see that (p − pq) is a minimal basic ideal, as follows: Suppose that (p − pq) contains a non trivial basic ideal N with N = (p − pq) then p − pq / ∈ N. Consequently, p / ∈ (q) + N and since (q) ⊂ (q) + N ⊂ (p) then (q) + N ∈ ℑ. This contradicts Q = (q) as a maximal element in ℑ. Hence, (p − pq) is a minimal basic ideal. Finally, consider M is a sum of all minimal basic ideals in A. By hypothesis, there is basic ideal C in A such that A = M ⊕ C. Because C contains no minimal basic ideals then C = {0}, so that A = M. Thus, A is a direct sum of minimal basic ideals or A is basically semisimple. Example 3.6. Consider T = (x, y : xy = 1 = yx) is Toeplitz algebra over unital commutative ring R. The algebra is a ring generated by two variables x and y that satisfy xy = 1 = yx. If the algebra T is viewed as R-module then its generators are infinite, which will be more easily understood by the approach of Leavitt path algebra with the following graph:
This time it is not so straightforward that the maps x → e * + f * and y → e + f yield an isomorphism between T and leavitt path algebra [1] . It is due to all of vertices and edges are representation of element in T, namely, v → yx; w → xy − yx = 1 − yx; e → y 2 x; e * → yx 2 ; f → y − y 2 x; f
Based on the graph, we have non-zero idempotent elements in T, which are a part of a basis of T, including xy = 1, yx, 1 − yx, and yx − y 2 x 2 . Furthermore, according to Lemma 2.9 we have I = (1 − yx) is a basic ideal generated by 1 − yx. However, I = (1 − yx) = T because there is a monomial y 2 x ∈ T and y 2 x / ∈ I. Moreover, 1 − yx is idempotent but not central idempotent, because there is y ∈ T whence y(1 − yx) = y − y 2 x = (1 − yx)y = 0. Hence, there is a basic ideal in T that is not generated by a central idempotent element. Then based on the Theorem 3.5, T = (x, y : xy = 1 = yx) is not basically semisimple.
Concluding Remarks
Based on the above discussion, we conclude many significant remarks. One of them is that a free ideal is a necessary and sufficient condition of an ideal in a free algebra over ring to be a basic ideal. In addition, an ideal generated by one element in a free algebra over ring is a basic ideal if the element is in its basis. The two significant results are useful to discuss Theorem 3.5. This theorem is a main point of this paper. In the future, we will discuss basically (semi) prime free algebras over ring and its properties that characterized by (semi) prime basic ideal.
